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Tanaka-Tagoshi parametrization of post-first-post-Newtonian spin-free gravitational wave chirps:
Equispaced and cardinal interpolated lattices for first generation interferometric antennas
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The spin-free binary-inspiral parameter-space introduced by Tanaka and Tagoshi to construct a uniformly
spaced lattice of post-first-post Newtonian~PN! templates is shown to work for all first generation interfero-
metric gravitational wave antennas. This allows us to extend the minimum-redundant cardinal interpolation
techniques of the correlator bank developed by the authors to the highest available order PN templates. The
total number of templates to be computed for a minimal matchG50.97 is reduced by a factor 4, as in the 1PN
case.
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I. INTRODUCTION

Gravitational waves emitted by coalescing compact bi
ries in their adiabatic inspiral phase have been accura
modeled@1# and are preferred candidates for the direct
tection of gravitational radiation of cosmic origin, by the fir
generation of broadband laser interferometric antennas
cluding TAMA300 @2#, GEO600@3#, the Laser Interferomet
ric Gravitational Wave Observatory~LIGO! @4#, and VIRGO
@5#.

The best strategy for detecting signals of known form
colored Gaussian stationary noise consists in correlating
detector output~data! with a discrete family~lattice! of ex-
pected wave forms~templates!, and using the largest corre
lation as a detection statistic~maximum likelihood@6#!. The
above correlation is the~weighted! scalar product

^a,g&[2F E
f i

f s
a~ f !g* ~ f !

d f

P~ f !
1c.c.G , ~1.1!

where (f i , f s) is the antenna spectral window,a( f )5h( f )
1n( f ) are the ~noise-corrupted, spectral! data, h( f ) is a
~possibly null! signal andn( f ) a realization of the antenn
noise,g( f ) is a template,P( f ) is the ~one-sided! antenna
noise power spectral density, and c.c. denotes the com
conjugate. The detection statistic has to be compared
threshold, which depends on the allowed false alarm pr
ability. At any fixed false-alarm probability, the largest pro
ability of detection is obtained if a template is exac
matchedto the signal. The matching betweenh and g is
measured by theiroverlap,
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^h,g&

uuhuu•uuguu
<1, ~1.2!

where the normuuuuu5^u,u&1/2. The template lattice should
be designed in such a way that foranyadmissible signal, one
can always findat least onetemplate in the lattice such tha
@7# the overlap is never less than a prescribedG.

In the straightforward restricted@8# post-Newtonian~PN!
stationary-phase approximation@9# the spectral form of a
null-eccentricity binary inspiral signal is

h~ f !5A f27/6exp$ j @2p f Tc2fc1C (n)~ f ,jW !2p/4#%,
~1.3!

where A is a ~real, unknown! constant, depending on th
source position,Tc is the fiducial coalescency time@10#, fc
is the phase att5Tc , and@11#

C (n)~ f ,jW !5 (
i 51

2n11

z i~ f !u i~jW !, ~1.4!

where n is the PN order, andjW represents the remainin
~intrinsic! source parameters. The functionsz i and u i are
presently known up to 2.5PN order@12# and are collected in
Table I@13# in terms of the intrinsic parametersm ~total mass
of the binary!, h5m/m (m being the reduced mass!, b and
s ~spin-orbit and spin-spin terms, respectively@14#!.

Maximizing explicitly the overlap over the~irrelevant,ex-
trinsic! parametersDfc and DTc , one can write the
template-lattice design prescription as
;hPS, 'gPL: M ~h,g![sup
DTc

U E
f i

f s
f 27/3exp$ j @2p f DTc1DC (n)~ f ,jWh ,jWg!t#%

d f

P~ f !U
E

f i

f s
f 27/3

d f

P~ f !

>G, ~1.5!
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TABLE I. Relevant to Eq.~1.4!.

PN order i z i( f ) u i

0 1 S f

f0
D25/3 3

128h
~pm f0!25/3

0.5 2 S f

f0
D24/3

0

1 3 S f

f0
D21 5

96h S 743

336
1

11

4
h D ~pm f0!21

1.5 4 S f

f0
D22/3 3

32h
~b24p!~pm f0!22/3

2 5 S f

f0
D21/3 15

64h S 3058673

1016064
1

5429

1008
h1

617

144
h22s D ~pm f0!21/3

2.5 6 logS f

f0
D p

128h S38645

252
15hD
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where the partially maximized overlapM ( f ,g) is called the
match, S and L are the signal space and template latti
respectively, and

DC (n)~ f ;jWh ,jWg!5C (n)~ f ,jWh!2C (n)~ f ,jWg!

5 (
i 51

2n11

z i~ f !@u i~jWh!2u i~jWg!#. ~1.6!

Whenever the match is only a function of the signal/templ
parameterdifferences, the template lattice isuniform, i.e., the
lattice spacing isconstantthroughout the template paramet
space, and depends uniquely onG @15#. This is obviously the
case iff the functionDC (n) depends, in turn, on the signal o
template parameter differences only.

Uniformity is a key property for efficient implementatio
of the lattice. In a uniform lattice, templates corresponding
adjacent nodes differ only by aconstantphase factor, which
makes the template family construction computationally
expensive. Furthermore, in view of the quasi-band-limi
nature of the match as a function of the signal/template
rameter differences, cardinal interpolation among the c
elators can be used as shown in Refs.@16# and @17# to sub-
stantially reduce the number of templates required fo
prescribedG.

The one-dimensional~1D! Newtonian (n50) and 2D
first-order post-Newtonian (n51) wave forms can be easil
parametrized so as to make the phase difference~1.6! a func-
tion of the signal/template parameterdifferencesonly @18#.
On the other hand, according to present understanding
order to keepG*0.97 when working withtrue data, 2PN~or
higher! templates will be needed, although spin-free on
should be adequate~see Sec. III A of@15#!.

In the following we shall refer to 2PN templates. The
are the best available ones for the purpose of detect
estimation. Indeed, as shown in@19#, 2.5PN templates yield
generally poorer overlaps~and larger biases! with ~exact!
04200
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numerically generated wave forms as compared to 2PN
an effect of the peculiar~oscillating! behavior of PN-
approximant sequences.

Unfortunately, at PN ordersn.1, as shown in Sec. II, it
is strictly impossibleto parametrize the spin-free wave form
so as to make the phase difference~1.6! a function of the
signal/template parameterdifferencesonly. As a result, the
choice of template placement and spacing becomes, in p
ciple, rather unwieldy, and the cardinal interpolation tec
niques discussed in Refs.@16# and@17# cannot be applied in
any straightforward fashion.

Recently, Tanaka and Tagoshi@20# suggested a clever wa
to circumvent this difficulty, using a simple and elegant ge
metric argument yielding a uniform post-1PN template l
tice. The scope of this paper is to illustrate the effectiven
of the Tanaka-Tagoshi construction forall first generation
interferometers~TAMA300, GEO600, LIGO-I, and VIRGO!
under a given minimal match constraint~see Sec. III!, open-
ing the possibility of using the minimum redundant cardin
interpolation of the correlator bank introduced and discus
in Refs. @16# and @17# with the highest available PN orde
templates. In the following we use geometrized unitsG
5c51) throughout.

II. THE INTRINSIC CURVATURE OF THE SPIN-FREE
PARAMETER SPACE MANIFOLD

The Tanaka-Tagoshi construction is best understood in
geometric language first introduced in Ref.@21#. The match
betweenh andg can be accordingly written@22#:

M ~h,g!512GrsDu rDus1•••, ~2.1!

where Du i5u i(jWh)2u i(jWg), and the (2n11)-dimensional
metric Grs is defined in Appendix A.

Let mmin<m1<m2<mmax the spin-free wave form pa
rameter space,m1 , m2 being the companion masses@23#. In
the (2n11)-dimensional PN spaceu i the parameter space i
5-2
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mapped into a three-vertex 2D manifoldP. Exploiting the
dependence ofu i on m1 andm2 one can rewrite Eq.~2.1! as

M ~h,g!512ds2, ds25gpqDmqDmp, ~2.2!

where

gpq5Grs

]u r

]mp

]us

]mq
, ~2.3!

is a 2D Finsler metric@24# on P.
In order to find a chirp wave form parametrization whi

makes the match a function of the source-templateparam-
eter differencesonly, one should be able to find a coordina
transformation (m1 ,m2)→(x1 ,x2) such that

M ~h,g!512dpqDxpDxq, ~2.4!

where dpq is the 2D Euclidean metric. As anticipated, th
required coordinate transformation doesnot exist, in general.
This is due to the fact that the manifoldP is not globally flat,
as can be seen synthetically from its Gaussian curvaturK
@25#. The Gaussian curvature ofP as a function ofm1 ,m2 in
0.2M (<m1,2<10M ( is shown in Fig. 1, for the special cas
of LIGO-I at 2PN order. The absolute curvature is maximu

FIG. 1. The Gaussian curvatureK of P vs m1 , m2 for LIGO-I.
04200
for m15m2. This property turns out to be common toall
first-generation antennas, whose relevant parameters
been collected in Table II. In Fig. 2 the curvature ofP is
displayed as a function ofm15m2 ~worst case! for
TAMA300, GEO600, LIGO-I, and VIRGO at 2PN order.

III. THE TANAKA-TAGOSHI COORDINATES

Even thoughP is not flat, following Tanaka and Tagoshi i
is still possible to place the templates on aflat manifold
chosenclose to P in a suitable sense. The Tanaka-Tago
construction can be simply phrased as follows:~i! introduce
a linear coordinate transformationuW→xW such thatall three
vertices of the manifoldP are brought onto the (x1 ,x2) plane
of the ~orthogonal! coordinate systemxi ~see Appendix B for
details!, and then~ii ! take the resulting three-vertexflat 2D
simplexT in the (x1 ,x2) plane as the signal/template param
eter space.

The flat simplexesT corresponding to 0.2M (<m1<m2
<10M ( are shown in Fig. 3 for TAMA300, GEO600

FIG. 2. The Gaussian curvatureK of P vs m15m2 ~worst case!
for TAMA300, GEO600, LIGO-I, and VIRGO.
GW
TABLE II. Spectral windows and noise power spectral densities of first generation interferometric
antennas@15#.

Antenna P( f ) P0 @Hz21# f 0 @Hz# f i @Hz# f s @Hz#

TAMA300
P0

32 H S f 0

f D 5

113S f 0

f D19F11S f

f 0
D 2G J 2.4310244 400 75 3400

GEO600
P0

5 F4S f0

f D
3/2

2213S f

f 0
D 2G 6.6310245 210 40 1450

LIGO-I
P0

3 FS f0

f D
4

12S f

f0
D2G 4.4310246 175 40 1300

VIRGO
P0

4 F290S f i

f D 5

12S f 0

f D111S f

f 0
D 2G 1.1310245 475 16 2750
5-3
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FIG. 3. The flat simplexesT
corresponding to 0.2M (<m1

<m2<10M ( for TAMA300,
GEO600, LIGO-I, and VIRGO.
-
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LIGO-I, and VIRGO at 2PN order. Their measures~areas!
are collected in Table III.

Enforcing a minimal-match constraint, in the (x1 ,x2)
plane yields theuniform square-mesh lattice sidelength

D5@2~12G!#1/2. ~3.1!

The simplex area divided byD2 ~area spanned by each tem
plate at a givenG) provides a close estimate of the tot
number of templates required, also listed in Table III forG
50.97 for TAMA300, GEO600, LIGO-I, and VIRGO a
2PN order.

A. The minimal match error

Pictorial representations of the departure ofP from T at
order 2.5PN are shown in Fig. 4, where the simplex cor
sponding to 0.2M (<m1<m2<10M ( is displayed togethe

TABLE III. Flat simplex areas and number of templates atG
5.97.

Antenna Simplex area@sec2# No. of templates atG50.97

TAMA300 5987 9.983104

GEO600 38931 6.493105

LIGO-I 16842 2.813105

VIRGO 546689 9.113106
04200
-

with its ~Euclidean! distanced5(x3
21x4

21x5
2)1/2 from P as a

function of x1 ,x2, for TAMA300, GEO600, LIGO-I, and
VIRGO at 2PN order. The obvious question is to what ext
does the shown difference spoil the minimal-match condit
enforced inT, due to the fact that thetrue wave form space
is P.

Let h be a (n2PN) chirp signal, and let H

[(x1
(h) ,x2

(h) , . . . ,x2n11
(h) ) and H̃[(x1

(h) ,x2
(h),0, . . . ,0) the

corresponding points inP andT. By construction,; h in the
admissible spin-free source parameter rangemmin<m1<m2

<mmax, there will be at least one lattice nodeG̃
[(x1

(g) ,x2
(g),0, . . . ,0)PT such that

M ~ h̃,g̃!512dpq~xp
(h̃)2xp

(g̃)!~xq
(h̃)2xq

(g̃)!5G, ~3.2!

whereh̃ and g̃ are the wave forms corresponding toH̃, G̃,
respectively. On the other hand, from Eqs.~2.1! and ~2.3!,

M ~h,g!512gpq~xp
(h)2xp

(g)!~xq
(h)2xq

(g)!

512gpq~xp
(h̃)2xp

(g̃)!~xq
(h̃)2xq

(g̃)!, ~3.3!

wherep,q51,2, and@26#

gpq5Grs

]u r

]xp

]us

]xq
, ~3.4!
5-4
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FIG. 4. The Euclidean distanced5(x3
21x4

2

1x5
2)1/2 between the manifoldsP and T as a

function of x1 , x2 for TAMA300, GEO600,
LIGO-I, and VIRGO.
nc-
where r ,s51,2, . . . ,2n11. Let xW→yW be the~unit! rotation
which diagonalizes the matrixgpq2dpq . Then

uM ~h,g!2M ~ h̃,g̃!u5uh1~y1
(h̃)2y1

(g̃)!21h2~y2
(h̃)2y2

(g̃)!2u

<max~ uh1u,uh2u!@~y1
(h̃)2y1

(g̃)!2

1~y2
(h̃)2y2

(g̃)!2#

5max~ uh1u,uh2u!~12G!, ~3.5!

FIG. 5. The quantityh, Eq. ~3.6!, vs m1 , m2 for LIGO-I.
04200
where h1 ,h2 are the eigenvalues of the matrixgpq2dpq .
The G-independent quantity

h5
uM ~h,g!2M ~ h̃,g̃!u

12G
5max~ uh1u,uh2u! ~3.6!

is a measure of the match degradation due to using aflat-
tenedparameter space, and is displayed in Fig. 5 as a fu

FIG. 6. The quantityh, Eq. ~3.6!, vs m15m2 ~worst case! for
TAMA300, GEO600, LIGO-I, and VIRGO.
5-5
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tion of m1 , m2 in 0.2M (<m1,2<10M ( , for the special case
of LIGO-I at 2PN order. The maximum value is attained f
m15m2. This property is common toall first-generation an-
tennas quoted in Table I. In Fig. 6 the quantityh is displayed
as a function of m15m2 ~worst case! for TAMA300,
GEO600, LIGO-I, and VIRGO at 2PN order.

It is seen that the minimal-match condition enforced us
T as the wave form/template parameter space isnot spoiled
significantly when the signal~and the template! belongs toP.

The above argument might perhaps be weak atlow values
of G, as e.g., typically required for the initial steps of hie
archical search procedures@27#, where the quadratic approx
mation ~2.1! might be no longer accurate enough@22#. In
order to evaluate the~maximum! minimal-match error unde
these broader conditions, we generated 104 random pairs
(m1 ,m2), uniformly distributed in the allowed source param
eter range 0.2M (<m1<m2<10M ( . For each of the above
we drew a closed-curveC,T centered around the corre
sponding pointF̃PT, whose pointsG̃ correspond to~all!
templatesg̃ for which M (h̃,g̃)5G, and computed

e5 sup
G̃PC

uM ~h,g!2M ~ h̃,g̃!u
G

5 sup
G̃PC

F12
M ~h,g!

G G .
~3.7!

The cumulative distributions ofe, for the special case o
LIGO-I at 2PN order, corresponding toG50.7,0.8,0.9 are
shown in Fig. 7. Not unexpectedly, the Tanaka-Tagoshi
ordinates are seen to work also at relatively low values oG.

B. Cardinal interpolation beyond 1PN

In the obtained uniform lattice, the application of the c
dinal interpolation technique introduced in Ref.@16# is
straightforward. For 1PN templates this latter yields a fo
fold reduction in the template density and total number
G5.97, as shown in Ref.@17#. A main motivation of this

FIG. 7. Cumulative distribution ofe, Eq. ~3.7!, for LIGO-I at
G50.73, 0.83, 0.93104 trial sources in 0.2M (<m1<m2

<10M ( .
04200
g
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study has been to check whether a comparable reductio
the number of templates could be obtained using Tana
Tagoshi parametrized 2PN templates. Numerical simulati
show that this is indeed the case: the 2PN template den
reduction as a function of the minimal matchG is shown in
Fig. 8.

C. Computation of templates

In the following we shall denote the~linear! direct (uW

→xW ) and inverse (xW→uW ) Tagoshi-Tanaka transformation op
erators asJ i j andQ i j , respectively.

The template corresponding to the node (x1,k ,x2,k) of the
~uniform! lattice in the (x1 ,x2) plane should be computed, i
principle, by solving~e.g., numerically! the system

J1iu
i~m1k ,m2k!5x1,k ,

J2iu
i~m1k ,m2k!5x2,k , ~3.8!

to obtain the corresponding valuesm1k ,m2k of m1 ,m2,
wherebyall the u i functions and hence the~exact! template
phase~1.4! can be computed. The aboveexact~and compu-
tationally expensive! procedure for computing the templa
phases needsnot to be applied forall lattice nodes. Indeed
as noted in Ref.@20#, thechangein the u i between the tem-
plates at (x1 ,x2) and (x11dx1 ,x21dx2) is well approxi-
mated by

Du i'Q i1dx11Q i2dx2 ~3.9!

as a consequence of the fact thatx3 ,x4 , . . . ,x2n11 are al-
most constant throughout relativelylarge portions of the
(x1 ,x2) plane. As a result, the phasedifference between
neighboring templates can be taken asuniform throughout
extendedregions of the (x1 ,x2) plane, which makes the tem
plate set construction relatively cheap. One can accordin
compute the exact template phases using Eq.~3.8! for a set

FIG. 8. Template density reduction vsG after cardinal interpo-
lation ~2PN order templates, LIGO-I!.
5-6
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TANAKA-TAGOSHI PARAMETRIZATION OF POST- . . . PHYSICAL REVIEW D 64 042005
of sparselattice nodes. The phase of templates belonging
neighborhoods of these sparse nodes can be obtained
Eq. ~3.9!. Thesizeof the above neighborhoods~i.e., equiva-
lently, the distance between the sparse nodes! should be cho-
sen so as not to spoil the prescribed minimal match condi
@28#.

A possible natural strategy is to place the exact templa
nearby the median lines ofT, starting from their common
crossing point@29#. We checked by numerical simulation th
a few ~e.g.,;50 for LIGO-I at G50.97) exactly computed
sparse templates are sufficient to compute all the remai
ones via Eq.~3.9!, without spoiling the minimal match con
dition throughout the whole waveform parameter range.

IV. CONCLUSIONS

It has been shown that the Tanaka-Tagoshi coordinates
effective to set up a uniform lattice of post-1PN spin-fr
binary-inspiral templates under a given minimal match c
straint, for all first generation interferometric antennas. T
allows to extend readily the minimum redundant cardi
interpolation techniques of the correlator bank introduced
the authors to the highest available order PN templa
yielding a computational gain comparable to the 1PN ca

Several possible variations of the Tanaka-Tagoshi met
can be envisaged. For instance, a 2Dsimplexis used here to
04200
o
ing

n

s

g

re

-
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y
s,
.
d

approximate the parameter manifold. Using a 2Dcomplex
could possibly improve the accuracy. Further, the 2D s
plex is obtained by point collocation, i.e., by enforcing co
tact between the vertices of the simplexT and those of the
manifold P. Other approximation philosophies could b
used, including, e.g., least mean squares, etc.
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APPENDIX A: THE PN WAVE FORM PARAMETER
MANIFOLD

In this appendix we rephrase the well known construct
of a metric in the binary-inspiral wave form parameter spa
first introduced by Owen@21# and adopted by Tanaka an
Tagoshi@20#, using a slightly different notation. Define
u~h,g!5

E
f i

f s
f 27/3exp$ j @2p f DTc2Dfc1DC (n)~ f ;jWh ,jWg!#%

d f

P~ f !

E
f i

f s
f 27/3

d f

P~ f !

, ~A1!
s

,
ce
and let

^v~ f !&5

E
f i

f s
d f

f 27/3

P~ f !
v~ f !

E
f i

f s
d f

f 27/3

P~ f !

. ~A2!

It is readily proved that

u~h,g!511 j ^zn&Dun2
1

2
^zmzn&DumDun1•••,

~A3!

wherem,n50,1, . . . ,2n11, and

z052p~ f / f 0!, u05 f 0Tc . ~A4!

From Eqs.~A1!–~A4! one gets

max
Dfc

^h,g&5uu~h,g!u512Gmn8 DumDun, ~A5!
wherem,n50,1, . . . ,2n11 and

Gmn8 5
1

2
~^zmzn&2^zm&^zn&!. ~A6!

Equations~A5! and ~A6! allow us to express the match a
follows:

M ~h,g!5max
DTc

max
Dfc

^h,g&5max
DTc

uu~h,g!u512GpqDupDuq,

~A7!

where nowp,q51,2, . . . ,2n11 and@30#

Gpq5Gpq8 2
Gp08 Gq08

G008
. ~A8!

APPENDIX B: CONSTRUCTING THE TANAKA-TAGOSHI
COORDINATES

Let mmin<m1<m2<mmax be the allowed mass range
and letpW i , i 51,2,3 be the vertices of the parameter spa
5-7
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R. P. CROCE, TH. DEMMA, V. PIERRO, AND I. M. PINTO PHYSICAL REVIEW D64 042005
manifold P corresponding to (m15m25mmin), (m1
5mmin ,m25mmax), and (m15m25mmax), respectively, in
the (2n11)-dimensional PN parameter space with met
Gpq . The Tanaka-Tagoshi coordinates are obtained as
lows. One first performs a~linear! coordinate transformation

uW 85L1/2PuW ~B1!

to make the new coordinates orthogonal. The required tra
formation is obtained from the Jordan decomposition ofG,

G5PTLP, ~B2!

i.e., in component notation,

Gpq5Pp
(m)LmnPq

(n) , ~B3!

whereLmn5l (n)dmn , l (n) are the eigenvalues andPq
(n) the

eigenvectors ofG.
Next, one seeks a rotationxW5QuW 8 which bears~modulo a

trivial translation! all verticespW i8 , i 51,2,3 of the manifold
P onto the coordinate plane (x1,x2). The problem is thus
reduced to that of finding an orthogonal matrixQ such that

Q~pW 382pW 18!5a11x̂1 ,
04200
c
l-

s-

Q~pW 282pW 18!5a21x̂11a22x̂2 , ~B4!

wherea11, a21, a22 are suitable real numbers, andx̂i denote
the ~new, unit! basis vectors. The system~B4! doesnot have
a unique solution forQ. However, a possible solution i
readily obtained as follows. LetZ the matrix constructed ou
of the ~column! vectors:

pW 382pW 18 , pW 282pW 18 , û38 , . . . ,û2n118 . ~B5!

It is readily shown thatZ is nonsingular. The straightforwar
~unique! QR decomposition ofZ, viz. @31#

Z5QTR, ~B6!

whereR is a lower triangular matrix, is obviously a solutio
of

QZ5R. ~B7!

It is seen that the solution of Eq.~B7! is also a solution of
Eq. ~B4!, and hence the soughtQ in Eq. ~B4! is the same as
Q in Eq. ~B6!.
.
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